Circularly polarized waves in a plasma with vacuum polarization effects by Lundin, J. et al.
ar
X
iv
:0
70
5.
16
32
v1
  [
ph
ys
ics
.pl
as
m-
ph
]  
11
 M
ay
 20
07
Cirularly polarized waves in a plasma with vauum
polarization eets
J. Lundin, L. Steno, G. Brodin, M. Marklund and P. K. Shukla
Department of Physis, Umeå University, SE-901 87 Umeå, Sweden
November 5, 2018
Abstrat
The theory for large amplitude irularly polarized waves propagating along an
external magneti eld is extended in order to inlude also vauum polarization eets.
A general dispersion relation, whih unites previous results, is derived.
Cirularly polarized waves an be exat solutions of the uid and Maxwell equations
(e.g. Refs. [1,2℄). Thus, it is possible to study large amplitude waves propagating along an
external magneti eld in a plasma, taking also relativisti eets into aount. Here we
shall demonstrate that it is omparatively easy to inlude quantum eletrodynamial eld
(QED) eets [3, 4℄ in suh an analysis, also for the general ase with a multiomponent
plasma.
Let us start with the equations of ontinuity and momentum for eah speies (denoted
by index s) in a old, multi-omponent, relativisti, magnetized plasma
∂tNs +∇ · (Nsvs) = 0, (1)
and
∂tps + vs · ∇ps = qs (E+ vs ×B) . (2)
Here N is the partile density, v the veloity, q the harge, m the rest mass, p = mv/(1−
v2/c2)1/2 the momentum and c the speed of light in vauum. Furthermore, we use the
Maxwell's equations for the eletri and magneti elds E and B, i.e.
∇×E = −∂tB, (3)
and
∇×B− c−2∂tE = µ0
∑
s
Nsqsvs + µ0Jva, (4)
where the vauum urrent J
va
(after having orreted an obvious misprint in the denition
of the oupling onstant in Ref. [3℄) is given by (e.g. Refs. [5, 6℄)
J
va
= −2κε20
{
c2∇×
[
2(E2 − c2B2)B− 7(E ·B)E
]
− ∂t
[
2(E2 − c2B2)E+ 7c2(E ·B)B
]}
, (5)
where κ = 2α2h¯3/45m4ec
5
is the nonlinear oupling onstant and α = e2/4pih¯cε0 is the ne
struture onstant. Here e (= −qe) is the elementary harge, me the eletron rest mass,
1
ε0 the vauum permittivity, µ0 the vauum permeability and h¯ is 2pi times the Plank
onstant. The expression (5) for the vauum urrent is valid for eld strengths lower than
the ritial eld strength, E
rit
= m2ec
3/h¯e, and for frequenies lower that the Compton
frequeny, ωe = mec
2/h¯. These equations have been reently used by Di Piazza et al. [6℄.
We now onsider the propagation of a irularly polarized wave along an external
onstant magneti eld B0z zˆ. Following Ref. [2℄ we rst note that E
2
as well as B2 are
then onstants and that E ·B = 0. This means that
J
va
= −4κε20
(
E2 − c2B2
) (
c2∇×B− ∂tE
)
. (6)
Inserting Eq. (6) into Eq. (4) we thus nd our new equation
∇×B− c−2∂tE = µ0Je, (7a)
where
J
e
=
∑
s
Nsqsvs
{
1−
2α
45pi
[
(n2 − 1)
(
E0⊥
E
rit
)2
+
(
cB0z
E
rit
)2]}−1
. (7b)
Here n = kc/ω is the index of refration, and E0⊥ is the eletri eld amplitude of our
right hand irularly polarized wave E = E0⊥ [cos (ωt− kz) xˆ+ sin (ωt− kz) yˆ]. The rest
of the alulations are now straightforward. Introduing the symbols E± = Ex ± iEy,
B± = Bx ± iBy and v± = vx ± ivy we thus adopt the analysis of Ref. [2℄, noting that
E± = E0⊥ exp (±iωt∓ ikz) , (8a)
B± = ±i
k
ω
E±, (8b)
and
v±s = ∓
iqs
γsms (ω + ωcs)
E±, (8)
where ωcs = qsB0z/γsms is the relativisti gyrofrequeny of partile speies s and γ =
(1 − v20/c
2)−1/2 is the Lorentz fator whih in this ase is a onstant with v20 = v+v−.
Usually, we dene the relativisti plasma frequeny as ωps =
(
q2sN0s/γsmsε0
)1/2
. Here,
however, instead of ωps we will in the dispersion relation nd the eetive plasma frequeny
Ωps = ωps
{
1−
2α
45pi
[
(n2 − 1)
(
E0⊥
E
rit
)2
+
(
cB0z
E
rit
)2]}−1/2
.
By ombining Eqs. (7) and (8) we obtain the dispersion relation
n2 − 1 = −
∑
s
ω2ps
ω (ω + ωcs)
+
2α
45pi
[(
n2 − 1
)(E0⊥
E
rit
)2
+
(
cB0z
E
rit
)2] (
n2 − 1
)
. (9)
The theory for a left hand irularly polarized wave is quite similar and leads to the same
dispersion relation but with ωcs → −ωcs.
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We note that Eq. (9) agrees with Eq. (13) in Ref. [7℄ in the speial ase of an ultra-
relativisti eletron-positron plasma, and with Eq. (9) in Ref. [8℄ for a dusty plasma (if we
orret for a misprint in Refs. [7℄ and [8℄; 4α should be 2α). Eq. (9) is exat within the
basi model we have used in the present paper.
As αE2
0⊥
/E2
rit
in general is a very small parameter, we an next expand the solution
of Eq. (9) to obtain
n2 = 1−
∑
s
ω2ps
ω (ω + ωcs)
−
2α
45pi
(
cB0z
E
rit
)2∑
s
ω2ps
ω (ω + ωcs)
+
2α
45pi
(
E0⊥
E
rit
)2 [∑
s
ω2ps
ω (ω + ωcs)
]2
, (10)
whih agrees with the result of Ref. [6℄ in the limit B0z = 0.
New modes in unmagnetized QED plasmas have been reported previously [9℄. The
alulation were then extended to magnetized QED plasmas with ultrarelativisti ions.
Suh plasmas an support amplitude-dependent eletromagneti ion waves [10℄
ω ≈
k2c2
ω2pi
ωEi,
where ωpi is the ion plasma frequeny and ωEi = eE0⊥/cmi, as well as new modes in
a dust-ion plasma [11℄, and QED eets an then play a key role [8, 11℄. Di Piazza et
al. demonstrated in Ref. [6℄ that the QED eets an be important in wave propagation
studies, even for the ase where B0z = 0. They showed that the last term in Eq. (10)
an be larger than the sum of the rst two terms on the right hand side of Eq. (10)
near the plasma ut-o frequeny. Thus, they demonstrated enhanement of the vauum
polarization eets when the frequeny is lose to ωp. Our dispersion relation shows that
there is no analogous enhanement of the QED ontribution from the external magneti
eld near the plasma ut-o frequeny. This is beause the 2nd and the 3rd term on the
right hand side of Eq. (10) have the same sign. Thus, the QED ontribution from the
external magneti eld will always remain smaller than the lassial ontribution in Eq.
(10) unless cB0z ≫ Erit, but this ondition lies outside the validity of our model. The
QED ontribution from the external magneti eld may still be larger than that of the
last term in Eq. (10), however, in partiular if cB0z > E0⊥, ωp < ω and if (ω + ωcs) is not
lose to resonane. But in this regime there is no enhanement of the vauum polarization
eets as desribed in Ref. [6℄.
It is also interesting to note that the eetive plasma frequeny Ωp is dierent from ωp.
For example if k ≈ 0 we have
Ωps
ωps
=
[
1 +
2α
45piE2
rit
(
E20⊥ − c
2B20z
)]−1/2
.
However, for eld strengths available in laboratory experiments, this ratio is lose to unity.
Another example of interest onerns the free eletron laser (FEL) [1214℄. Considering
magnetostati wigglers, i.e. letting ω → 0, in a one-omponent eletron plasma with drift
veloity vze and gyrofrequeny ωce, the dispersion relation (9), using the laboratory frame
rather than the eletron rest frame, beomes
k2c2
[
1−
2α
45pi
(
cBtot
E
rit
)2]
=
ω2pekvze
ωce − kvze
(11)
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where we have introdued the total magneti eld Btot =
√
B2
0⊥
+B2
0z and the magneti
eld amplitude B0⊥ of the wiggler eld. For cBtot ≪ Erit, Eq. (11) agrees for example
with (8) in Ref. [14℄. Thus our formula (11) generalizes the FEL dispersion relation to a-
ount for eld strengths approahing the Shwinger ritial eld. While urrent laboratory
appliations have a long way to go in order to have elds in this range, there nevertheless
exist shemes attempting to reah suh regimes [15℄. We note that the partile orbits in
FELs are nontrivial [13, 14℄ and that the helial equilibria may not be stable [13℄. In the
example above we have also supposed the presene of a stationary bakground assuring
neutrality, whih means that there are several limiting assumptions onerning forthom-
ing experiments [6℄. Thus we hope that the readers will nd interest in further extending
the basi theory of Ref. [2℄.
In the present manusript we have derived the dispersion relation for large amplitude
irularly polarized eletromagneti waves propagating parallel to an external magneti
eld in a multiomponent plasma. Our dispersion relation (9) aounts for vauum po-
larization and magnetization (both due to the external eld and the wave eld), fully
relativisti quiver veloities and general drift veloities of the plasma speies, and applies
for arbitrary ratios of the harateristi frequenies of the problem. As a onsequene,
suh dierent waves as Alfvén modes, whistler modes and large amplitude laser modes are
overed by the general theory. Considering spei regimes, Eq. (9) redues to several
speial ases found in the literature. Besides uniting the results of many previous works in
a single formalism, the results presented here an nd appliations to wave propagation in
astrophysial ontexts, e.g. in magnetar atmospheres [16℄, as well as in the next generation
of FELs [15℄.
We onsider the present work as a neessary prerequisite to a more omplete theory
whih also inludes a full stability analysis [2℄. Thus it has for example been shown [1℄
that a single old eletron beam in an unmagnetized plasma is unstable if k = 0 and if
(
1 +
ω2pe
K2c2
)−1
<
v20
c2 + v2
0
<
K2c2
Ω2
(12)
where Ω and K are the frequeny and wavenumber of the perturbations. The vauum
urrent will however modify all stability riteria.
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